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LINEAR SYSTEMS WITH A QUADRATIC INTEGRAL*®

V. V. KozLov

Moscow

{Received 27 March 1992)

It is shown that a linear system of n differential equations with constant coefficients, at least one of whose
integrals is a non-degenerate quadratic form, may be reduced to a canonical system of Hamiltonian
equations. In particular, n is even and the phase flow preserves the standard measure; if the index of the
quadratic integral is odd, the trivial solution is unstable, and so on. For the case n =4 the stability
conditions are given a geometrical form. The general results are used to investigate small oscillations of
non-holonomic systems, and also the problem of the stability of invariant manifolds of non-linear systems
that have Morse functions as integrals.

1. BASIC PROPERTIES

Ler
x = Ax, x€ R" (1.1)

be a system of linear differential equations in n-space. The matrix A is assumed to be non-singular.
Equivalent formulation: system (1.1) does not have linear non-constant integrals. Let us assume
that Eqs (1.1) have an integral which is a non-degenerate quadratic form

H = (Bx,x)[2, B'=B. (1.2)

Theorem 1.

1. niseven,

2. f(—=A) = f(A), where f(A) = | A — AE| is the characteristic polynomial of A,

3. div(Ax) =trA =0,

4. if the index of the form (1.2) is odd, the equilibrium x = 0 is unstable,

5. system (1.1) has /2 independent quadratic integrals,

6. the equilibrium x = 0 is stable if and only if (1.1) has a positive definite quadratic integral.
Indeed, if H is an integral of Eqs (1.1), then

H = (x,BAx) = 0.

Consequently, the matrix D = BA is skew-symmetric: BA = —A’B. Since | D| # 0, it follows that n
is even (a skew-symmetric matrix of odd order is always singular). Furthermore,

fM=1BNA-NENB | = |[BA-MBIIB™! |=|A'B+\BIIB™ | =
= [A"+XE | = f(-N.

We have thus proved property 2. Since trA is the coefficient of (—A)**~! in the characteristic
polynomial, property 2 implies property 3. In particular, the phase flow of system (1.1) preserves
the standard measure in R". Since 7 is even, we have f(A)—+ as A— . As the skew-symmetric
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matrix D is non-singular, |D|>0. Since indH is odd, it follows that |B|<(). Consequently.
f(0)=|A| =|B YD|<0. Continuity considerations imply that f has a real positive zero and
therefore the equilibrium x = 0 is indeed unstable. Property 4 was first pointed out in |[1}; it extends
a classical result due to Kelvin, concerning gyroscopic stabilization conditions, to the general case of
linear systems with a quadratic integral. We know of no simple direct proofs of properties S and 6 of
the theorem; they will be proved in the next section.

Note that property 3 also holds without the assumption that A is non-singular. Indeed.

A=B"'D A'= .DB'.
Consequently,
trd =trd* =ttB"'D=uDB™! = —trDB"}

which implies the desired conclusion.

Remark. Let |A]=0 and suppose that the characteristic polynomial f has m zero roots with simple
elementary divisors. Then system (1.1) will have m independent linear integrals and its restriction to the
{n~— m)-dimensional plane of zero values of these integrals will be a non-degenerate linear system. This system
has a quadratic integral {the restriction of G ) and Theorem 1 may therefore be applied. If there is a multiple
root zero with a non-trivial Jordan block, the equilibrium x = 0 is unstable.

2. REDUCTION TO CANONICAL FORM

Theorem 1 shows that linear systems with quadratic integrals have many characteristic properties
of linear Hamiltonian systems. It turns out that this is no accident.
Define a bilinear form

W, x") = (Qx', x"), Q=BA"" (2.1)

Lemma. (w, R") is a symplectic space.

To prove this, we have to check that the form w is non-degenerate, skew-symmetric and closed {dw = 0). The
first and third properties are obvious, 50 it remains to prove that  is a skew-symmetric matrix. Indeed, by
Sec. 1, A'B = ~BA. Consequently,

At"f"BAB'l (At)" =_BA ‘B,
Therefore,
Q' =)' B=-(B4'B"), B=-BA"'=-Q,
as required.
Theorem 2. The linear system (1.1) is Hamiltonian; the symplectic structure is defined by the form

(2.1) and the Hamiltonian is the integral (1.2).
Indeed,

wEs, )= (Qx, )=(Bx, - y=dH (.).

We now outline a procedure for reducing system (1.1) to standard Hamiltonian form. Since the
skew-symmetric matrix () is non-singular, there exists a non-singular matrix C such that

CQC =C'BA™\C= —J,

where
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is a unit symplectic matrix. Set x = Cz. In the new variables ' = C"'ACz, H = (C'BCz, z)/2.
Consequently, z" = JaH/dz.

The variables z, and z,,,.., are canonically conjugate.

Theorem 1 is a corollary of Theorem 2 and certain well-known results of Hamiltonian mechanics.
For example, property 3 is Liouville’s theorem on the conservation of phase volume. Property 4
may be deduced from the fact that the Hamiltonian of a linear system can be reduced in the stable
case to the form

H=1%a4a!+y}) a+0 (2.2)

The index of this quadratic form is even. The system with Hamiltonian (2.2) has a positive definite
integral

F=3@!+5)

which proves property 6. The proof of property 5 of Theorem 1 follows from Williamson’s results on
the classification of normal forms of quadratic Hamiltonians [2] (see also [3, Sec. 21}).

3. THE CASE n=4

Let us look more closely at the simplest non-trivial case, when n = 4. If the index of the quadratic
form H is 0 or 4, the equilibrium position is stable (H is a Lyapunov function). But if the index is 1 or
3, we have unstable equilibrium (property 4 of Theorem 1). When indH = 2, the equilibrium may
be either stable or unstable. We will now consider the question of distinguishing these cases, without
having to evaluate the characteristic values of the matrix A.

Let G, be the four-dimensional Grassmann manifold of all the two-dimensional planes through
the origin of R* We will call a plane 7 Lagrangian if o (x’, x") = 0 for all x', x" € &. The set of all
Lagrangian planes forms a three-dimensional submanifold A, CG,.

A quadratic form H of index 2 transforms R* into a pseudo-Euclidean space of type (2.2), often
called an Artin space. The geometry of Artin spaces has been thoroughly studied (see, e.g. [4]). It
turns out that through every straight line on the isotropic cone x: H(x) = 0 that contains the origin
there pass exactly two two-dimensional planes 7, and m,, called totally singular planes. The set of
singular planes is the union of two connected one-dimensional components (two regular closed
curves in G, ), which we will call singular orbits. What can we say of the positions of these curves
relative to the submanifold A, ? The answer is given by the following theorem.

Theorem 3. The number of intersections of two singular orbits with A; is given by Table 1.

The plus sign signifies the existence of a Jordan block, and the minus sign its non-existence. The
symbol « means that the orbit in question lies entirely within A,. As can be seen from Table 1,
different types of Hamiltonians are associated with different numbers of intersections.

TapLe 1
No. of intersections
No., Eigenvalues a, bER with the first orbit with the second orbit
1 tig, tib;a¥b 0 0
2 +ia, *ia; — oo 0
3 *ia, tia;, + 1 0
4 *a, tb;a¥b 2 2
5 *a, ta; — oo 2
6 *a, ta; + 2 1
7 *a, tib 2 0
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The proof of Theorem 3 uses Williamson's theory of normal forms [2]. In case | the Hamiltonian
may be reduced to the form

H=a@i+yD)2-bxd +y3)02

where a and b are positive real numbers, and x, and y, are conjugate canonical variables. Two
different families of totally singular planes exist

Lg: aV’y, = av’shgxl ~l~by‘chgx2
p%y, = a”chix, + b shix,

Ny :a’/’y; =g"shnx, + b chnx,
by, = ~d"chnx; —b"shnx,

Here & and 7 are real parameters; as &, n— *+ o, these planes become
n n
1 1 ) -
Liw :3%y; = £b%y,  a"x, = 7b"x,

- %, — A
Niw: @7y, = Th%y,, a%x, =¥ b”x,

The singular planes of the same family (L or N} intersect only at the origin, but planes from
different families always intersect along an isotropic straight line. If a# b, not one of these planes is
Lagrangian (in the standard symplectic structure); the restriction of the 1-form y, dx; + y,dx; is nota
total differential. But if a = b (type 2), all the planes in orbit L are Lagrangian (including L., .. ), but
there are no Lagrangian planes in orbit N.

Now consider type 3. By a well-known result [2], the Hamiltonians of this case reduce to the form

H=+@?x} +x3)-a’y,%; +y2x,, a#0
To fix our ideas, let us take the plus sign before the parentheses. The singular orbits consist of the
following planes
Leiyy =8x +(2a%) ' x,, y2=—(28%)'x, +4%Ex,
1+a*n? I

Np iy = xy +
moo 2a*n a*n

Yo, X =NX,

The orbit L has exactly one Lagrangian plane L.. = {x, = x, = {0}, while the orbit NV has nonc.

Types 4-7 are considered in analogous fashion.

As an illustrative example, we will determine the condition for gyroscopic stabilization of the equilibrium
position of the Hamiltonian system

Xy=—wxy +a'x,, x;=wx; +bix,: a,b>0
This system has a quadratic integral

H=x;

H -2
+x, —@*x;-b*x;, imdH=2

The equations of the totally singular planes are
L;:x,' =gcospx, +hsingx,, x; = nasingx, tbhcospx,
Since x} = v, — wx2/2. X3 = y1+ wx, /2, the condition for the plane L7 to be Lagrangian is
w = t{@Fh)ysing

Consequently, if |w|>a+ b, none of the singular planes is Lagrangian. By Theorem 3, this condition
guarantees stability of the equilibrium position x, = x; = 0.

4. SOME APPLICATIONS

Let us consider a linear system whose dynamics is described by the following second-order
differential equations
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x=Ax, x€R" 4.1)

where A is a constant matrix (in the general case A'#A).

We know [5] that the linearized equations of motion of a non-holonomic system in a potential
force field can be reduced to the form (4.1) near the equilibrium position. If the equilibrium is not a
critical point of the potential energy, then A is generally not a symmetric matrix.

Theorem 4. Equations (4.1) have n independent quadratic integrals
Xx-, x)/2 —(Yx,x)[2 (4.2)
and, if | 4| #0, there is a non-degenerate integral (4.2) (| X|#0, | Y|#0).

Corollary 1. If |A]#0, Egs (4.1) are Hamiltonian.
The proof of Theorem 4 uses the following auxiliary result [6]: for any matrix A, symmetric
matrices X and Y, | X|< #0 exist such that

XA =Y (4.3)

In particular, any matrix may be represented (but not uniquely) as a product of two symmetric
matrices. The set of pairs X, Y satisfying (4.3) is a linear space of dimension

2[n(m+1))2] —n*=n

The function (4.2) is an integral of system (4.1) if and only if Eq (4.3) is satisfied. If | A | #0, then
| Y|#0. In that case the quadratic form (4.2) is non-degenerate. This proves the theorem.
It should be noted that Eqgs (4.1) are equivalent to the Lagrange equations with Lagrangian

L=T-V=(Xx,x)2+(¥x,x)2

Since the “‘kinetic energy” T is not always positive definite, it follows that in the general case
system (4.1) does not split into n independent oscillators. When A has n linearly independent
vectors with real eigenvalues or the matrix Y is positive (negative) definite, the coordinates x4, . .
X, are separated.

"

Corollary 2. Suppose that the “potential energy” V is positive definite. Then the equilibrium
x = 0 of system (4.1) is stable if and only if the “kinetic energy” T has a strict minimum at x" = 0.
As an example, consider the mechanical system with kinetic energy Y2(x*?+y"?+z'%) and force function
z+ (ax>+ by?)/2, subject to a non-holonomic constraint z° = ¢x’y [7]. It is assumed that the constants a, b, ¢
are not zero. This system has a whole family of equilibrium positions
x=y =0, z=const

The linearized equations of motion have the form (4.1) with a non-symmetric matrix A

x" =ax+cy, Yy =by (4.4)

The equilibrium is stable if a, b<0 and a#b.
If a# b, Eqgs (4.4) have two independent quadratic integrals

2
F=y  —by*, o=[@~-b)x" +cy'* —al@-6)x+cyp?

If a, b<0, the sum of these integrals is positive definite. This result corresponds to part 6 of Theorem 1.
If a = b, the integrals F and ® are dependent. By property 5 of Theorem 1, in this case a second independent
quadratic integral must also exist. It will be a non-degenerate quadratic form

=x"y —axy —cy*[2

5. INVARIANT MANIFOLDS

The results of Secs 1 and 2 are applicable not only to equations linearized in the neighbourhood of
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equilibrium positions. They may be extended (modulo some additional assumptions) to systems
the neighbourhood of invariant manifolds.
Let M be a compact m-dimensional invariant manifold of a dynamical system whose restriction 1o
M possesses an invariant measure of density p>0. It is assumed that the system is ergodic on M.
The simplest example is conditionally periodic motion on an m-dimensional torus M = T”

P T W, Pm T Wi Wy = const

If the frequencies wy, . . ., w,, are incommensurable, this system is ergodic.

Let x be local coordinates on M and let y be coordinates in the transversal directions. In these
variables, the invariant manifold M is defined by the relation y = 0. and the differential equations
are

xFoE)+tfxy), y =Qy+giy)
(5.1
f(x,00=0 g=0(y*

We shall consider what is known as the reduced case, when the matrix  is constant in suitable
coordinates. A discussion of the reducibility of invarient tori may be found in {8]. When m = 1 the
equations are always reducible (the Lyapunov-Floquet theorem).

Suppose that in the neighbourhood of M the system has an integral

HEx, »)=Hox)+ 3, h )N+ A X))y, p)2+ .. {5.2%
Since H' =0, it follows that

(®H, / ax, v)=0, (3h/dx, v)=—~'h

(04/0x vy, V)2 + (AW, 3 =0, ...

The first relation implies that H, is an integral of the dynamical system on M. In view of
ergodicity, Hy=const.

We will now assume that M is non-degenerate: the covectors of the field # on M, which satisty the
second equation of (5.3), vanish identically. In particular, {1 is a non-singular matrix (otherwise the
equation would have a non-trivial solution A = const). On a torus with conditionally periodic
motion, non-degeneracy means that () has no eigenvalues of the form i(k; ey +. . . ¥ k,,,0,,), K, €Z.

Multiply the third equation of (5.3) by p and integrate over M. Averaging the first term gives zero.
because

da
iy p(«g-—, Vd"x=—f, adiv(pv)dTx =0
x

Now put
A% = [y pAd™x
Then (A*Qy, y) = 0. Consequently, the quadratic form
(4%z,z) (5.4)
is an integral of the linear system
z' =8z (5.5}

If A* is non-singular, we can apply the results of Secs 1 and 2. In particular the following theorem
holds.

Theorem 5. Suppose that the non-degenerate quadratic form (5.4) has an odd index. Then the
invariant manifold M is unstable.

The instability of M in the linear approximation follows from part 4 of Theorem I: at least one
eigenvalue of the matrix () is positive. The instability of M in the strictly non-linear setting of the
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problem is proved by using the following observation: the Lyapunov function of the linearized
equations (5.5) can also serve as a Lyapunov function for system (5.1).
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